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Abstract Based on the fundamental dynamic equations of functionally graded material (FGM)
cylindrical shell, this paper investigates the sound radiation of vibrational FGM shell in water by
mobility method. This model takes into account the exterior ﬂuid loading due to the sound press
radiated by the FGM shell. The FGM cylindrical shell was excited by a harmonic line radial force
uniformly distributing along the generator. The FGM shell equations of motion, the Helmholtz
equation in the exterior ﬂuid medium and the continuity equation at ﬂuid-shell interface are used in
this vibroacoustic problem. The expressions of sound radiation eﬃciency and sound ﬁeld of the FGM
shell have been derived by mobility method. Radiation eﬃciency, modal mobility and the directivity
pattern of the sound ﬁeld are solved numerically. In particular, radiation eﬃciency and directivity
pattern with various power law index are analyzed. c© 2011 The Chinese Society of Theoretical and
Applied Mechanics. [doi:10.1063/2.1106305]
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Functionally graded materials (FGM) were ﬁrst pro-
posed in Japan in the mid-1980s and received consider-
able attention as one class of advanced inhomogeneous
composite in many engineering applications. Vibration
and sound radiation of isotropic and composite struc-
tures have been studied and acoustic wave propagation
of FGM was investigated in Refs. 1-3.
A ﬂuid-loaded cylindrical shell is the basic struc-
tural element which is widely used in many industrial
ﬁelds. Sound radiation from this kind of shell has been
an important subject in the area of noise control up
to now. Extensive studies on the vibroacoustic char-
acteristics of the homogeneous shell subjected to me-
chanical point loads were done by researchers in the
past.4–9 However, investigations on sound radiation of
FGM cylindrical shell are limited.
Reference 10 transformed the original three dimen-
sional (3D) foundational equations with variable coeﬃ-
cients into isotropic and membrane-bending 2D equa-
tions with constant coeﬃcients, and then the FGM
cylindrical motion equations were attained. Accord-
ing to these fundamental dynamic equations, this study
uses numerical results based on the mobility solution
method to investigate the vibroacoustics of this subject.
Results for radiation eﬃciency, modal mobility and the
directivity pattern of the sound ﬁeld are numerically dis-
cussed. Particularly, radiation eﬃciency and directivity
pattern with various power law index are analyzed nu-
merically.
A system of cylindrical co-ordinates (r, ϕ, z) is de-
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Fig. 1. Fluid-loaded FGM cylindrical shell and co-ordinate
system.
ﬁned in Fig. 1. The problem under consideration is an
inﬁnite length FGM cylindrical shell of thickness h and
radius a. And u, v, w are the longitudinal, tangential
and radial displacements at point (a, ϕ, z) on the mid-
surface of the shell.
For this present problem, the FGM shell is loaded
with ﬂuid from outside. And it is assumed that no other
energy in the ﬂuid and the interior of the shell is oc-
cupied by vacuo. Then the problem of vibroacoustic
coupling only exists between the shell and the exterior
ﬂuid. This kind of problem can be solved by the vi-
bration equations of the FGM cylindrical shell,10 the
Helmholtz equation in the ﬂuid and the corresponding
boundary conditions. In subsequent studies, the time
variation factor exp(iωt) is suppressed for the sake of
brevity.
According to Ref. 10, the dynamic equations of the
FGM cylindrical shell are written as
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where membrance stiﬀness K, Kzϕ, KG, bending stiﬀ-
ness D, Dzϕ, DG, membrance-bending coupling stiﬀ-
ness C, Czϕ, CG and mass of per unit area m¯ etc. can
be found in Ref. 10.
The exciting force of FGM cylindrical shell is as-
sumed to be a harmonic line radial force fr, and acting
on ϕ = 0 axis, expressed as
fr (ϕ, t) = fr (ϕ) e
iωt = δ (ϕ) eiωt, (2)
where ω is circular frequency and δ is the Dirac delta
function.
In this condition, the shell vibration is planar. So
the shell displacement is irrespective of z-coordiante,
and u is always equal to zero. Therefore, in order to
study the vibrations of this system, we assume a solu-
tion of the form
u (ϕ, t) = 0, v (ϕ, t) =
∞∑
n=0
Vn sin (nθ) e
iωt,
w (ϕ, t) =
∞∑
n=0
Wn cos (nθ) e
iωt. (3)
The radial force in Eq. (2) can be expanded as a
Fourier expansion
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The εn is Neumann factor: εn = 1, n = 0 or εn =
2, n ≥1.
Substituting Eqs. (3) and (4) into the equation of
motion (1), and using the orthogonality property of the
trigonometric function, we obtain two nonhomogeneous,
linear algebraic equations for the modal amplitudes Vn
and Wn(
S11 −Ω2
)
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where Ω2 = (m/K)a2ω2 is nondimensional frequency
parameter, and
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Solving for Vn and Wn, we obtain
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)
Fn
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According to Eq. (7), the nth-order modal mechanical
mobility of shell plane vibration can be expressed as
Ymn (ω) =
W˙n
Fn
=
a2
K
iω
(
S11 −Ω2
)
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The sound ﬁeld of inﬁnite cylindrical shell is ex-
pressed as5
p (r, ϕ, t) =
∞∑
n=0
Pn cos (nϕ)H
(2)
n (kr) e
iωt. (9)
where H
(2)
n (kr) is the nth-order Hankel function of the
second kind.
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According to the pressure boundary condition
(iω)
2
w (ϕ, t) = − 1
ρ0
∂p (r, ϕ, t)
∂r
∣∣∣∣
r=a
, (10)
we obtain
Pn =
ρ0ω
2
k
Wn
dH
(2)
n (kr)/d (kr)
∣∣∣
r=a
, (11)
where ρ0 is the density of water.
Inserting Eq. (11) into Eq. (9), we can obtain the
FGM cylindrical shell sound radiation pressure
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The shell surface sound pressure p(a, ϕ, z), Eq. (12)
with r = a, can now be expressed as
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∞∑
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Ysn =
i
ρ0c0
dH
(2)
n (kr)/d (kr)
∣∣∣
r=a
H
(2)
n (ka)
.
is the nth-order mode sound radiation mobility of FGM
shell plane vibration, and c0 is sound speed in the water.
Inserting Eqs. (4) and (13) into Eq. (1), and using
the property of the trigonometric function, we obtain
W˙n = Fn
YsnYmn
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. (14)
The radiation eﬃciency of FGM shell is
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The mean radial quadratic velocity of FGM shell is
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So, the radiation eﬃciency of FGM shell can be shown
as
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An inﬁnite length FGM cylindrical shell of a mix-
ture of metal and ceramic was considered as shown in
Fig. 1. The material in exterior surface (r = h/2) of the
shell and in interior surface (r = −h/2) of the shell are
metal and ceramic, respectively.
The eﬀective material property P , such as Young’s
modulus E, mass density ρ and Poisson’s ratio v, is
assumed as11,12
P = PmVm + PcVc, (18)
where Pm and Pc are parameters presenting the material
properties of the metal rich exterior surface and ceramic
rich interior surface, respectively. The Vc and Vm are the
volume fraction of the ceramic and metal, respectively,
and are related by
Vc + Vm = 1, (19)
The properties of the FGM cylindrical shell are as-
sumed to vary through the thickness. The property
variation is assumed to be in terms of a simple power
law index k. The volume fraction Vm is expressed as
Vm (z) =
(
2r + h
2h
)k
, (20)
where r is the thickness coordinate variable, h is the
thickness of the shell (−h/2 ≤ r ≤ h/2) and k is the
power law index that takes values greater than or equal
to zero.
From Eqs. (18)–(20), the modulus of elasticity E
and the density ρ are written as
E (r) = (Em − Ec)
(
2r + h
2h
)k
+ Ec, (21)
ρ (r) = (ρm − ρc)
(
2r + h
2h
)k
+ ρc. (22)
Here, the Poisson’s ratio v is assumed to be a constant.
To illustrate the proposed method, a ceramic-metal
functionally graded shell is considered. The combina-
tion of materials consists of aluminum and alumina.
The Young’s modulus, density for alumina is Ec =
380 GPa, ρc = 3 800 kg/m
3, and for aluminum is
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Fig. 2. Modal sound radiation mobility of FGM cylindrical shell (n = 0− 5).
Fig. 3. Modal sound radiation mobility of FGM cylindrical shell (n = 10).
Em = 70 GPa, ρm = 2 707 kg/m
3, respectively. Pois-
son’s ratio v = 0.3 is chosen as constant. The power
law index is k = 0.5.
The numerical studies are based on an inﬁnite
length FGM shell in which the geometrical parame-
ters are as follows: radius a = 0.3 m and thickness
h = 0.006 m. FGM cylindrical shell is supposed to be
immersed in water, and water is characterized by den-
sity ρ0 = 1 000 kg/m
3 and sound speed in the water
c0 = 1 500 m.
Figures 2-4 show relationships between the modal
sound radiation mobility of FGM cylindrical shell and
frequency. Numerical results show that when n < 5,
the real part of the modal mobility of the FGM cylin-
drical shell vibrating in a plane perpendicular to the axis
changes obviously with the frequency, when it oscillates
with the change of the frequency. The imaginary part
of the modal mobility of the FGM cylindrical shell is
always less than zero, its absolute value increases with
n.
Figure 5 shows sound radiation eﬃciency of the
FGM cylindrical shell in water for the four power law
index selected above. It can be seen that the peak val-
ues of sound radiation eﬃciency varied with the power
law index.
Figure 6 shows the directivity pattern of the sound
ﬁeld (r = 10a) when the FGM cylindrical shell is ex-
cited at φ = 0 by a harmonic (f = 10-1 510 Hz) line
radial force uniformly distributing along the generator
for the four power law index selected above. Direc-
tivity patterns present “∞” pattern in low frequency,
but they present “∞” and “8” superposition pattern in
high frequency. Because low frequency force can only
excite dipoles vibration and directivity patterns closely
show “∞” pattern. But high frequency force may excite
quadrupoles vibration and directivity patterns closely
show “∞” and “8” superposition pattern. Figure 6 also
shows that the power law index hardly inﬂuence direc-
tivity pattern. But, in a certain frequency, the sound
pressure decreases with the increase of power law index.
In this paper, a theoretical model has been devel-
oped to predict the sound radiation from a FGM cylin-
drical shell. Based on the motion equations of FGM
cylindrical shell and continuous boundary conditions of
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Fig. 4. Modal sound radiation mobility of FGM cylindrical shell (n = 50).
Fig. 5. Sound radiation eﬃciency of FGM cylindrical shell
with various power law index.
velocity on the surface of the shell and water, the ex-
pressions of sound radiation eﬃciency and sound ﬁeld of
the FGM shell have been derived by mobility method.
The major contributions of this study can be sum-
marized as follows:
If the power law index is a constant, it was shown
that when n < 5, the real part of the modal mobility of
the FGM cylindrical shell vibrating in a plane perpen-
dicular to the axis varies obviously with the frequency,
and when 5 < n < 50, it oscillates with the change of
the frequency. The imaginary part of the modal mobil-
ity of FGM cylindrical shell is always less than zero, and
the absolute value of it increases with n. The directiv-
ity patterns present “∞” pattern in low frequency, but
they present “∞” and “8” superposition pattern in high
frequency.
As the power law index varies, the relationship be-
tween radiation eﬃciency and frequency also varies.
The results show that the power law index hardly in-
ﬂuence directivity pattern. But, in a certain frequency,
the sound pressure decreases with the increase of power
law index.
From these numerical results it can be concluded
that the mobility solution method is feasible for the
sound radiation problem of the FGM cylindrical shell
in water.
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